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Abstract

It is shown that if all individuals contribute towards the provision of a public good their utilities are equalised even if the
income distribution is unequal. It may seem that there is then no role for redistributive policy, but it is proved that social
welfare can be raised by creating sufficient income inequality that only the rich provide public goods.  1997 Elsevier
Science S.A.
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1. Introduction

A surprising result in the analysis of private contributions to public goods is that total contributions
are unaffected by any reallocation of income amongst consumers that leaves the set of contributors
(those giving some positive amount) unchanged. This result was first established by Warr (1983) and
extended by Bergstrom et al. (1986). That a transfer of income between consumers induces those
receiving income to raise their contributions to the public good and that this increase is offset by a
reduction in contributions of those losing income is unremarkable. What is striking is that the result
that the two changes exactly offset each other is not special to particular utility functions but is a
general consequence of the marginality conditions arising from the Nash equilibrium of the
contribution game.

The purpose of this paper is to examine some policy-related implications of this result. It is first
noted that if the consumers have the same preferences, private contributions to a public good result in
the equalisation of utilities across consumers. Phrased another way, even if income is unequally
distributed amongst consumers, the consequence of public goods being privately provided is that all
consumers have the same utility level at equilibrium. The simple logic behind why this is so is that
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contributions to the public good increase with income. Hence, those with low incomes benefit from
the provision of those whose incomes are higher. The marginality conditions arising from individual
optimisation then ensure that since all consume the same quantity of public good, they can only be in
equilibrium if they consume the same quantity of private good. Utilities must then be equal.

Both the equalisation of utility result and the independence of total public good provision from the
distribution of income result from the fact that both are functions of the sum of income in society.
This has the further implication that an extra dollar of income for consumer h raises h’s utility by the
same amount as an extra dollar to consumer j raises h’s utility. That is, consumers are indifferent as to
who should receive any extra income that society may generate.

The result that utilities are equalised seems to suggest that as long as the social welfare function is
symmetric and concave in utilities, income redistribution is redundant as a tool of economic policy.
This is not the case because the model also implies that social welfare is not a concave function of
incomes. It is shown that increasing income inequality can raise welfare. A welfare increase
necessarily arises if the transfer is such that consumers from whom income is taken just cease
contributing to the public good. In the context of the economy considered, it is always optimal to
create a wealthy consumer who is the sole provider of the public good.

The organisation of the remainder of the paper is as follows. Section 2 provides the proof of the
utility equalisation result. The gains from increasing inequality are demonstrated in Section 3. The
case of non-identical utilities is considered in Section 4. Conclusions and applications are given in
Section 5.

2. Equalisation of welfare

In order to simplify the analysis, it is initially assumed that there are two identical consumers who
1play a Nash game in private provision of a pure public good. It will be clear that the results extend to

any number of consumers. The production technology is linear, markets are competitive and units of
measurement of the commodities are chosen so that the producer prices of the private and public
goods are both one. The common utility function for the consumers is strictly quasi concave, strictly
increasing in both arguments and twice-continuously differentiable. It is also assumed that both goods
are normal. This is the standard formulation of, for example, Bergstrom et al. (1986) and Myles
(1995).

Under the maintained assumptions, each consumer, h, solves the optimisation

hmax U 5 U(x , G), (1)

subject to

h h hx 1 g 5 I , (2)

h 1 2where I is the income of h and G5g 1g . If both consumers are at an interior optimum, the
necessary condition for this optimisation is

U 5 U , (3)G x

1Government provision is ruled out, possibly because of agency problems.
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where the subscripts on U denote partial derivatives. Assuming that the conditions of the implicit
function theorem are satisfied, solving (3) and the budget constraint for each consumer gives the pair
of reaction functions

1 1 2 1 2 2 1 2g 5 g ( g , I ), g 5 g ( g , I ). (4)

Simultaneously solving these reaction functions determines the equilibrium level of public good
provision of h as

h h 1 2˜g 5 g (I , I ), h 5 1, 2, (5)

and total provision

1 1 2 2 1 2 1 2˜ ˜G 5 g (I , I ) 1 g (I , I ) ; G(I , I ). (6)

2Although the fact is not actually exploited below, it is worth noting the result of Warr (1983). To
1 2state this, the consumers are labelled so that I #I .

Theorem 1 (Warr (1983)). Total provision of the public good is a function of the sum of incomes. That
is,

1 2 1 2G(I , I ) ; G(I 1 I ), (7)

1 2 1 2if I .I 2G(I 1I ) (so that both consumers contribute).
The consequence of theorem 1 is that after any redistribution of income which leaves both

consumers still contributing a positive amount, the total provision of the public good remains
unchanged. This result is extended by Bergstrom et al. (1986) to show that if there are some
non-contributors, any income reallocation that leaves the set of contributors unchanged does not affect
total provision.

To move towards the proof that private provision equalises utility, note that the utility achieved by
consumer h at the Nash equilibrium is given by

˜h h 1 2 1 1 2 2 1 2 h h˜ ˜ ˜U 5 U(I 2 g (I , I ), g (I , I ) 1 g (I ,I )) 5V(I ,I ). (8)

˜h hV(I , I ) is termed the derived utility function and it is the properties of this that are the focus of
attention.

The following lemma shows that the derived utility is dependent on the sum of income.

Lemma 1. The derived utility function satisfies

˜ ˜h h h hV(I , I ) ;V(I 1 I ). (9)

Proof. From (5) and (8), it follows that for consumer 1,

1 1 2 2˜ ˜ ˜ ˜≠V ≠g ≠g ≠g ≠g
] ]] ]] ]] ]]5 U 1 2 1 U 1 5 U 1 1 , (10)F G F G F G1 x 1 G 1 1 G 1
≠I ≠I ≠I ≠I ≠I

2A very neat diagrammatic proof is given in Ley (1996).
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and

1 1 2 2˜ ˜ ˜ ˜≠V ≠g ≠g ≠g ≠g
] ]] ]] ]] ]]5 2 U 1 U 1 5 U (11)F G F G2 x 2 G 2 2 G 2
≠I ≠I ≠I ≠I ≠I

where the second equality in both cases results from the application of the envelope theorem. A
˜h hsufficient condition for the functions V(I , I ) to be dependent on the sum of income is that

˜ ˜h h h h(≠V /≠I )5(≠V /≠I ) for all I and I . For this to hold, (10) and (11) show that it must be the case that

2 2˜ ˜≠g ≠g
]] ]]1 1 5 . (12)1 2
≠I ≠I

This equality can be established from the comparative statics of the private contribution game; the
details are given in Appendix A. This completes the proof. i

The claim that all consumers have the same utility level follows as an obvious corollary of lemma
1. In addition, it also follows that the utility gain to h of receiving additional income is equal to the

˜utility benefit to h when h receives the same additional income. These facts are stated as theorem
2.Theorem 2. At the equilibrium, utility levels are equalised

˜ ˜h h h hV(I , I ) 5V(I , I ), (13)

and the marginal utilities of own and others income are equalised

˜ ˜h h h h
≠V(I , I ) ≠V(I , I )
]]] ]]]5 . (14)h h̃≠I ≠I

Proof. Both statements are an immediate consequence of the dependence of derived utility on the sum
of income. i

Theorem 2 generalises in obvious fashion to the case of many contributors. A further straight-
forward extension covers the presence of non-contributors. The utility of those contributing would still
be equalised and they would be indifferent about income distribution provided it did not affect the set
of contributors. The utilities of the non-contributors would then be ranked according to their income
and invariant to income redistribution that did not affect them directly and did not change the set of
contributors. Also evident is the fact that the result will extend to consideration of any number of
private goods or public goods – there is nothing special about the two-good case.

3. The benefits of inequality

The fact that utilities are equalised at the equilibrium of the private provision game is suggestive of
the conclusion that the government need not engage in any redistributive policies. This conclusion is
incorrect. In fact, given an initial allocation of income which is sufficiently uniform that all consumers
are contributing to the public good, social welfare can be raised by carrying out a redistribution that
reduces the income of some consumers to the point where they no longer contribute. Thus
inequality-raising policies will raise social welfare.

To establish this argument, return to the two consumer economy and assume that consumer 2
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1 2¯ ¯initially has a higher income level than consumer 1. Let these initial incomes be given by hI , I j. It is
already known that while both consumers are contributing a redistribution of income does not affect
welfare. Thus consider transferring income from consumer 1 to consumer 2 until the point where I is
just indifferent between contributing to the public good and not contributing. Denote the level of

1ˆincome of consumer 1 at this point by I . By the previous argument, social welfare at this point is
equal to that at the initial allocation of income. Thus

1 11 1 2 2 2 1ˆ ˆ¯ ¯ ¯ ¯¯ ¯W(U(I 2 g ,G), U(I 2 g ,G)) 5 W(U(I ,G), U(I 1 I 2 I 2 G,G)), (15)

where the social welfare function W(?) is symmetric in the two consumers’ utilities.
1ˆThe argument that is now shown is that starting from the point where consumer 1 has income I , a

further redistribution in favour of consumer 2 must raise social welfare. This is stated as theorem 3.

1 12 1ˆ ˆ¯ ¯Theorem 3. Starting from income allocation hI , I 1I 2I j a transfer of income dT .0 from 1 to 2
raises social welfare.

Proof. The effect of the transfer on social welfare is given from (15) as

dW ≠G ≠G ≠G
] ] ] ]5 2 W U 1 W U 1 W U 2 W U 1 W U . (16)1 x 1 G 2 x 2 x 2 GdT ≠T ≠T ≠T

Since the utilities are equal before the transfer, symmetry of social welfare implies W 5W and thus1 2

(16) reduces to

dW ≠G
] ]5 W U . 0, (17)2 GdT ≠T

where the inequality follows from the normality of public good contribution. i
The theorem shows that if the set of contributors shrinks as the result of an income transfer, social

welfare increases. Conversely, if the set of contributors is unchanged then so is social welfare. The
basic point being made here is that the corners at which one consumer ceases to contribute cause
social welfare as a function of incomes to be non-concave. In fact, while both consumers are
contributors, the indifference curves of the social welfare function are linear with slope of 21. As the
non-contribution corner is crossed the gradient of the indifference curve of social welfare then starts to
change in the ‘‘wrong-way’’. This observation is implicit in the individual indifference curves
displayed in Cornes (1993).

In detail, when both are contributing, social welfare is given by

h h h hS S S D S DD S S D S DDDW U x O I , G O I , U x O I , G O I , (18)

but after, for example, 1 stops contributing, social welfare becomes

1 2 2 2 2W(U(I , G(I )), U(I 2 G(I ), G(I ))), (19)

where

2 2G(I ) ; arg max hU(I 2 G, G)j. (20)
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Fig. 1. Social indifference curves.

The social welfare function generated has indifference curves of the form shown in Fig. 1. In the area
above dashed locus 1 only consumer 2 contributes while the converse is true below locus 2.

An alternative way of viewing this result that does not involve the need for welfare comparisons is
to consider two consumers in the region of welfare equality being willing to gamble whatever their
preferences. Both would agree to flip a coin with the loser transferring enough income to take him
below the participation threshold.

4. Non-identical preferences

When the consumers have differing utility functions, the utility-equalisation result is obviously not
applicable. However, when both consumers contribute the derived utility function of each is still
dependent on the sum of incomes. For each consumer the marginal utilities are equated as in (14) so
the consumers remain indifferent to income redistributions.

It is also possible to show that to maximise social welfare incomes should be sufficiently unequal
that only one of the consumers contributes.

Theorem 4. With heterogeneous preferences, the maximisation of social welfare requires that income
be distributed so that only one consumer contributes to the public good.

Proof. Assume that at the initial equilibrium, both consumers contribute. Consider redistributing
income to the point at which 1 becomes a non-contributor. From the arguments already given, this
does not affect the equilibrium nor individual utility levels. A further transfer of income then gives a
change in welfare

1 1 2dW(1) ˜ ˜ ˜≠g ≠g ≠g1 1F F G F GG]] ]] ]] ]]5 W 2 U 1 1 1 U 11 x GdT ≠T ≠T ≠T
1 1 2 2˜ ˜ ˜ ˜≠g ≠g ≠g ≠g2 2 h 2F F G F GG F G]] ]] ]] ]]1 W U 1 2 1 U 1 5 W U 2 1 1 W U , (21)2 x G 1 x 2 x≠T ≠T ≠T ≠T
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h h ˜using the facts that at the limiting point U 5U and that (≠g /≠T )50. Similarly at the limitingx G 1

point at which 2 ceases to contribute, a further transfer of income to 1 gives a welfare change

1dW(2) ˜≠g2 1F G]] ]]5 W U 2 1 2 W U . (22)2 x 1 xdT ≠T

Now since contributions to the public good are normal, at least one of (21) and (22) must be positive:
if they are both assumed negative, a contradiction arises. Hence income should be allocated so that
one of the consumers becomes a non-contributor. i

5. Conclusions

A traditional defence of privilege is that it is the only effective way to ensure arts patronage and
other great public works. It is not obvious that if equality is valued for itself this argument can be
sufficiently strong to justify policies which deliberately ‘‘worsen’’ income distribution. This paper
shows that in a natural benchmark model regressive measures are optimal.

It should be stressed that the results are dependent on public goods being provided solely by private
contribution. Although many public goods are provided by the state or through a mix of financing
(Itaya et al. (1996a), (1996b)) extend the analysis into these settings), some notable exceptions are the
lifeboat service in the UK and public broadcasting in the US. Another application of our results,
bearing in mind the importance of family public goods, is to the debate in the UK on whether child
benefit should be paid to the mother or father (see Lundberg and Pollak (1996)). In a different field,
the evidence of Murdoch and Sandler (1997) that reductions in CFC emissions are explained by the
model we have used suggests our analysis is relevant to the impact of foreign aid on the environment.
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Appendix A

From the necessary conditions (3) for the contribution game, the effect of changes in income upon
the equilibrium solve

1 1˜U 2 2u 1 U U 2 U dg [U 2 U ] dIxx xG GG GG xG xx xG
5 (A1)F G F G F G2 2ˆ ˆ ˆ ˆ ˆ ˆ ˆ˜U 2 U U 2 2U 1 U dg [U 2 U ] dIGG xG xx xG GG xx xG

∧where the denotes consumer 2. Solving (A1) gives

2 ˆ ˆ[U 2 U ][U 2 U ]˜≠g xG GG xx xG
]] ]]]]]]]]5 , (A2)1 H≠I
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2 ˆ ˆ[U 2 2U 1 U ][U 2 U ]˜≠g xx xG GG xx xG
]] ]]]]]]]]]]5 , (A3)2 H≠I

with

ˆ ˆ ˆ ˆ ˆH 5 [U 2 2U 1 U ][U 2 2U 1 U ] 2 [U 2 U ][U 2 U ]. (A4)xx xG GG xx xG GG GG xG GG xG

Direct calculation then establishes the equality in (12).
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